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TOPOLOGICAL ALGEBRAS OF LOCALLY SOLID VECTOR
SUBSPACES OF ORDER BOUNDED OPERATORS
OMID ZABETI
Abstract. Let E be a locally solid vector lattice. In this paper, we consider two
particular vector subspaces of the space of all order bounded operators on E. With
the aid of two appropriate topologies, we show that under some conditions, they
establish both, locally solid vector lattices and topologically complete topological
algebras.
1. introductory facts
First of all, let us recall some notation and terminology used in this paper. A subset
S of a vector lattice E is said to be solid if y ∈ S, x ∈ E, and |x| ≤ |y|, then, we
have x ∈ S. A topological vector lattice is an ordered topological vector space which
is also a vector lattice; for more details on these notions see [9, 11]. By a locally
solid vector lattice we mean a topological vector lattice with a locally solid topology.
Also, note that a vector lattice E is Dedekind complete if every subset of E which is
bounded above has a supremum. By [−a, a] in vector lattice E, we mean the order
interval consists of all z ∈ E that −a 6 z 6 a. Finally, consider this point that in
a topological vector lattice E, we have two notions for boundedness; a subset B ⊆ E
is called order bounded if it is contained in an order interval and it is bounded if for
each zero neighborhood U ⊆ E there exists a positive scalar γ with B ⊆ γU . Some
relations and results for the mentioned types of bounded sets and operators defined on
E have been investigated; see [5, 6, 7, 8] for more details. In addition, for terminology
and standard facts concerning topological vector lattices and related concepts, we refer
the reader to [2, 10, 14].
Now, let us state some motivation. Let E be a vector lattice and Bb(E) be the space
of all order bounded operators on E. Since we have just order structure on Bb(E), it is
natural that we could not expect a topological structure on it. Nevertheless, when E
is a Banach lattice, Bb(E) forms a Banach lattice, too (see [13]). But when we discuss
topological vector lattices or even locally solid vector lattices, no ”suitable” topology
is known for Bb(E). Here, by ”suitable” topology, we mean a topology which respects
continuity in algebraic or lattice structures or converts Bb(E) to a known topological
algebraic structure. On the other hand, the relation between algebraic and topological
structures has been considerable for several decades in the sense that it has many
applications in other disciplines (see [1, 2, 3, 5, 6]). In fact, combining these notions
is fundamental for modern analysis, for example Banach spaces, Banach lattices and
operators between them.
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Although, there is no appropriate topology for order bounded operators on topologi-
cal vector lattices in the sense that it makes the space to a known topological algebraic
structure; instead, we can investigate two subsets of the class of all order bounded
operators which possess suitable topologies. In fact, in this paper, we consider two
subspaces of the space of all order bounded operators on a topological vector lattice;
using both topological and order structures of the underlying set. With the two effec-
tive topologies, we show that these classes of order bounded operators on a Dedekind
complete topologically complete locally solid vector lattice, form both, locally solid
vector lattices and also topologically complete topological algebras.
All vector spaces in this paper are assumed to be real and all topological vector
lattices are considered to be locally solid. In this step, let us start with the definition.
Definition 1. Let E and F be locally solid vector lattices. A linear operator T : E →
F is said to be:
i. no-bounded if there exists some zero neighborhood U ⊆ E such that T (U) is
order bounded in F .
ii. bo-bounded if for every bounded set B ⊆ E, T (B) is order bounded in F .
The class of all no-bounded operators on a locally solid vector lattice E is denoted
by Bno(E) and is equipped with the topology of order uniform convergence on some
zero neighborhood. Namely, a net (Sα) of no-bounded operators converges to zero in
this topology if there exists a zero neighborhood U ⊆ E such that for any a ∈ E+
there is an α0 with Sα(U) ⊆ [−a, a] for each α > α0. The class of all bo-bounded
operators on a locally solid vector lattice E is denoted by Bbo(E) and is allocated to
the topology of order uniform convergence on bounded sets; a net (Sα) of bo-bounded
operators order converges to zero uniformly on a bounded set B ⊆ E if for each
a ∈ E+ there is an α0 with Sα(B) ⊆ [−a, a] for each α > α0. One can easily verify
that Bno(E) and Bbo(E) are subalgebras of the algebra of all order bounded operators
on a topological vector lattice E. Note that these algebras are not unital in general;
when E contains an order bounded zero neighborhood, then these algebras are unital.
Nevertheless, this condition is sufficient; consider Theorem 2.2 from [5] and results
after that. In addition, by Theorem 2.19 in [2], every order bounded subset is bounded
so that every no-bounded operator is bo-bounded and every bo-bounded operator is
an order bounded operator. In prior to anything, we show that these classes of linear
operators are not equal, in general.
Example 2. Let E be c0, the space of all null sequences, with the usual order and
norm topology. Consider the identity operator I on E. Indeed, I is order bounded.
But it fails to be bo-bounded. Suppose N
(0)
1 is the closed unit ball centered at zero
with radius one. It is not difficult to see that the sequence (un) defined via un = Σ
n
i=1ei
is not order bounded in E, in which ei is the standard basis of E.
Also, Example 2.5 from [5], presents a bo-bounded operator which is not no-bounded.
Remark 3. Note that one can consider bo-bounded operators on a locally solid vector
lattice E as a class of bounded operators from one bornological space (E with the
bornology of topologically bounded sets) to another bornological space (E with the
TOPOLOGICAL ALGEBRAS OF LOCALLY SOLID VECTOR SUBSPACES 3
bornology of order bounded sets). For a review on terminology of bornological spaces
and related notions, see [4]. When one discusses with topological vector spaces, the
bounded sets are usually considered as topologically bounded sets; which is called the
Von Neumann bornology (see [4], 1:4.3). Therefore, taking the difference between
topologically bounded sets and order bounded ones into account, we can not expect
a suitable topology for the class of all bounded operators on bornological spaces in
a manner that it preserves continuity in the theme of bo-bounded operators between
locally solid vector lattices. On the other hand, there is a notion for convergence in
any bornological vector space in term of bounded sets; namely, a sequence (xn) in a
bornological vector space E is convergent to zero if there exist a bounded set B and
a sequence (λn) of reals tending to zero such that xn ∈ λnB for each n ∈ N (see
[4], 1:4.1). It is known that this convergence in topological vector spaces is almost
topological convergence; this means that in the most cases in analysis, these two types
of convergence coincide ([4], 1:4.3, Proposition 2). Also, it is worth mentioning that
the order convergence topology on Bbo(E) is finer ( and so suitable for our purpose)
than the usual topology of uniform convergence on bounded sets ( see [12] for more
information).
2. main result
Theorem 4. The operations of addition, scalar multiplication, and product are con-
tinuous in Bno(E) with respect to the order uniform convergence topology on some zero
neighborhood.
Proof. Suppose (Tα) and (Sα) are two nets of no-bounded operators which are order
uniform convergent to zero on some zero neighborhood U ⊆ E. For any a ∈ E+ there
are some α0 and α1 with Tα(U) ⊆ [
−a
2
, a
2
] for each α > α0 and Sα(U) ⊆ [
−a
2
, a
2
] for each
α > α1. There exists an α2 such that α2 > α0 and α2 > α1, so that for each α > α2,
(Tα + Sα)(U) ⊆ Tα(U) + Sα(U) ⊆ [
−a
2
,
a
2
] + [
−a
2
,
a
2
] = [−a, a].
Now, we show the continuity of the scalar multiplication. Let (γn) be a sequence of reals
which is convergent to zero. For sufficiently large n, we have, |γn| 6 1, so that γnU ⊆ U .
Thus, using the net (Tα) as in the first part, we have γnTα(U) ⊆ Tα(U) ⊆ [−a, a]. Now,
we show that product is also continuous. Since every order bounded set is bounded,
there is a γ > 0 with [−a
γ
, a
γ
] ⊆ U . There exists an α3 with Sα(U) ⊆ [
−a
γ
, a
γ
] for each
α ≥ α3. Choose α4 such that Tα(U) ⊆ [−a, a] for each α ≥ α4. Pick index α5 with
α5 ≥ α3 and α5 ≥ α4. Therefore, for each α ≥ α5, we have
Tα(Sα(U)) ⊆ Tα([
−a
γ
,
a
γ
]) ⊆ Tα(U) ⊆ [−a, a].

Theorem 5. The operations of addition, scalar multiplication, and product are con-
tinuous in Bbo(E) with respect to the order uniform convergence topology on bounded
sets.
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Proof. Suppose (Tα) and (Sα) are two nets of bo-bounded operators which are order
uniform convergent to zero on bounded sets. Fix a bounded set B ⊆ E. For any
positive a ∈ E there are some α0 and α1 with Tα(B) ⊆ [
−a
2
, a
2
] for each α > α0 and
Sα(B) ⊆ [
−a
2
, a
2
] for each α > α1. There exists an α2 such that α2 > α0 and α2 > α1,
so that for each α > α2,
(Tα + Sα)(B) ⊆ Tα(B) + Sα(B) ⊆ [
−a
2
,
a
2
] + [
−a
2
,
a
2
] = [−a, a].
Now, we show the continuity of the scalar multiplication. Let (γn) be a sequence of
reals which is convergent to zero. Consider F = ∪n∈NγnB which is indeed bounded
in E. There exists an α3 such that Tα(F ) ⊆ [−a, a] for each α ≥ α3. Thus, we have
γnTα(B) ⊆ Tα(F ) ⊆ [−a, a]. Now, we show that product is also continuous. There
exists some α4 with Sα(B) ⊆ [−a, a] for each α ≥ α4. Since every order bounded set in
a locally solid vector lattice is bounded, there is an α5 such that Tα([−a, a]) ⊆ [−a, a]
for each α ≥ α5. Choose index α6 that α6 ≥ α4 and α6 ≥ α5. For each α ≥ α6, we
conclude
Tα(Sα(B)) ⊆ Tα([−a, a]) ⊆ [−a, a].

In this step, we investigate the continuity of the lattice operations on these classes
of order bounded operators with respect to the assumed topologies.
Theorem 6. Suppose E is Dedekind complete. Then, the lattice operations in Bno(E)
are continuous with respect to the order uniform convergence topology on some zero
neighborhood.
Proof. By the Riesz-Kantorovich formula, for no-bounded operators T, S ∈ Bno(E)
and every x ∈ E+, we have
(T ∨ S)(x) = sup{T (u) + S(v) : u, v ≥ 0, u+ v = x}.
Now, suppose (Tα) and (Sα) are two nets of no-bounded operators that order converge
uniformly on some zero neighborhood U ⊆ E to the linear operators T and S, respec-
tively. Fix x ∈ U+, and suppose u, v are positive elements such that x = u + v. Since
U is solid, we have u, v ∈ U . Also, recall that for two subsets A,B in a vector lattice,
we have sup(A)− sup(B) 6 sup(A− B). Thus,
sup{Tα(u) + Sα(v) : u, v ≥ 0, u+ v = x} − sup{T (u) + S(v) : u, v ≥ 0, u+ v = x}
6 sup{(Tα − T )(u) + (Sα − S)(v) : u, v ≥ 0, u+ v = x}.
Let a ∈ E+ be arbitrary. There exists an α0 such that (Tα − T )(U) ⊆ [−
a
2
, a
2
] for each
α ≥ α0. Pick index α1 with (Sα − S)(U) ⊆ [−
a
2
, a
2
] for each α ≥ α1. Choose α2 such
that α2 ≥ α0 and α2 ≥ α1. So, for each α ≥ α2,
(Tα ∨ Sα)(x)− (T ∨ S)(x) ≤ (Tα − T )(x) + (Sα − S)(x) ∈ [−a, a].

Theorem 7. Suppose E is Dedekind complete. Then, the lattice operations in Bbo(E)
are continuous with respect to the order uniform convergence topology on bounded sets.
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Proof. By the Riesz-Kantorovich formula, for bo-bounded operators T, S ∈ Bbo(E) and
every x ∈ E+, we have
(T ∨ S)(x) = sup{T (u) + S(v) : u, v ≥ 0, u+ v = x}.
Now, suppose (Tα) and (Sα) are two nets of bo-bounded operators that order converge
uniformly on bounded sets to the linear operators T and S, respectively. Fix a bounded
set B ⊆ E. Put,
B1 = {u ∈ E
+, ∃v ∈ E+, u+ v = x, for some x ∈ B+}.
One can verify that B1 is also bounded, so that Tα → T and Sα → S order converge
uniformly on B1. Fix a x ∈ B+ and some positive element u and v that x = u + v.
Thus,
sup{Tα(u) + Sα(v) : u, v ≥ 0, u+ v = x} − sup{T (u) + S(v) : u, v ≥ 0, u+ v = x}
6 sup{(Tα − T )(u) + (Sα − S)(v) : u, v ≥ 0, u+ v = x}.
Choose a ∈ E+ arbitrary. There exists an α0 such that (Tα − T )(B1) ⊆ [−
a
2
, a
2
] for
each α ≥ α0. Pick index α1 with (Sα − S)(B1) ⊆ [−
a
2
, a
2
] for each α ≥ α1. Choose α2
such that α2 ≥ α0 and α2 ≥ α1. Thus, for each α ≥ α2,
(Tα ∨ Sα)(x)− (T ∨ S)(x) ≤ (Tα − T )(x) + (Sα − S)(x) ∈ [−a, a].

Now, we show that Bno(E) and Bbo(E) are topologically complete algebras with
respect to the assigned topologies.
Proposition 8. Suppose (Tα) is a net of no-bounded operators which is order conver-
gent uniformly on some zero neighborhood to the linear operator T . Then, T is also
no-bounded.
Proof. There is a zero neighborhood U ⊆ E such that for any a ∈ E+ there exists an
α0 with (T − Tα)(U) ⊆ [−a, a] for each α > α0. There is a zero neighborhood U1 ⊆ U
such that Tα0(U1) is order bounded. Since T (U1) ⊆ Tα0(U1)+[−a, a], we conclude that
T is also no-bounded. 
Proposition 9. Suppose (Tα) is a net of bo-bounded operators which is order conver-
gent uniformly on bounded sets to the linear operator T . Then, T is also bo-bounded.
Proof. Fix a bounded set B ⊆ E. Take a positive a ∈ E. There exists an α0 with
(T − Tα)(B) ⊆ [−a, a] for each α > α0. Note that Tα0(B) is order bounded. Therefore
from the relation T (B) ⊆ Tα0(B)+ [−a, a], we conclude that T is also bo-bounded. 
Proposition 10. Let E be a topologically complete vector lattice. Then, Bno(E) is
complete with respect to the topology of order uniform convergence on some zero neigh-
borhood.
Proof. Suppose E is complete and (Tα) is a Cauchy net in Bno(E). Let W be an
arbitrary zero neighborhood in E. For any a ∈ E+ there is a positive scalar γ such
that [−a
γ
, a
γ
] ⊆ W . There exist an α0 and some zero neighborhood U ⊆ E with
(Tα − Tβ)(U) ⊆ [
−a
γ
, a
γ
] for each α > α0 and for each β > α0. For any x ∈ E, there is
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a positive real η such that x ∈ ηU so that we conclude that (Tα(x)) is a Cauchy net
in E. Put T (x) = limTα(x). Since this convergence happens in Bno(E), Proposition 8
leads to the desired result. 
Proposition 11. Let E be a topologically complete vector lattice. Then, Bbo(E) is
complete with respect to the topology of order uniform convergence on bounded sets.
Proof. Suppose E is complete and (Tα) is a Cauchy net in Bbo(E). Let W be an
arbitrary zero neighborhood in E. For any positive a ∈ E there is a positive scalar
γ such that [−a
γ
, a
γ
] ⊆ W . Fix a bounded set B ⊆ E. There exists an index α0 with
(Tα − Tβ)(B) ⊆ [
−a
γ
, a
γ
] for each α > α0 and for each β > α0. Since singletons are
bounded, for any x ∈ E and sufficiently large α and β, we conclude that (Tα(x)) is a
Cauchy net in E. Put T (x) = limTα(x). By Proposition 9, T is also bo-bounded. 
Using the above results and Theorem 2.17 in [2], we have the following.
Corollary 12. Suppose E is a Dedekind complete topologically complete locally solid
vector lattice. Then, both Bno(E) and Bbo(E), establish locally solid vector lattices and
complete topological algebras at the same time.
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